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Abstract 



^ . We have proposed previously a procedure for constructing self- 

■rj" I conjugate Hamiltonians Hfj in the ?7-representation with flat scalar 

^" ' product to describe the dynamics of Dirac particles in arbitrary gravi- 

(^ . tational fields. In this paper, we prove that for block-diagonal metrics 

r — I ! the quantities Hfj can be obtained in particular using "reduced" parts 

f^ ' of Dirac Hamiltonians, i.e. expressions for Dirac Hamiltonians derived 

at use of tetrad vectors in the Schwinger gauge without or with small 

numbers of summands with bispinor connectivities. With a glance of 

these results we propose the modified method of construction of Hamil- 

^ ■ tonians in the ?7-representation with a significantly smaller amount of 

required calculations. Using the proposed procedure, in this paper we 
for the first time find self-conjugate Hamiltonians for a number of met- 
rics, including the Kerr metric in coordinates of the Boyer-Lindquist, 
the Eddington-Finkelstein, Finkelstein-Lemaitre, Kruskal metrics, and 
metrics of the Clifford torus geometry. 

PACS: 03.65.-W, 04.20.-q 
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1. Introduction 

In [1] we proposed a method for constructing self-conjugate Haniiltonians H^i 
in the r^-representation with flat scalar product to describe the dynamics of 
Dirac particles in arbitrary gravitational fields. 

Using the algorithm proposed in [1] we derived Hamiltonians in the i]- 
representation for the Schwarzschild metrics and Friedmann- Robertson- Walker 
cosmological models. When applying the algorithm to the Kerr metric, how- 
ever, we faced the necessity of performing a large volume of cumbersome 
calculations to find Christoffel symbols, bispinor connectivities etc. and also 
large algebraic transformations of in incipient expressions. A situation oc- 
curred, in which the algorithm proposed in [T] is fundamentally correct, but 
in some cases it was non-constructive (such as Kerr metric). 

We made attempts to simplify the algorithm pLj. We first proved the 
theorem, according to which a Hamiltonian in the ?]-representation for an 
arbitrary gravitational field, including a time-dependent one, is a Hermitian 
part of the initial Dirac Hamiltonian H derived at use of tetrad vectors in 
the Schwinger gauge a . 

h,= ^-{h + h^). (1) 

Then, for block-diagonal metrics using equality ([T]), we proved the second 
theorem, according to which instead of Hamiltonians H and H~^ in equal- 
ity ([1]) can be used their "reduced" parts without summands with bispinor 
connectivities: 

Hr, = \ {Hred + ^+d) + ^H . (2) 

We mean that the block- diagonal metrics are the metric tensors, like 
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(3) 



Apparently, the cases belong to the same kind as (^ when goi = 0, and also 
when gQ2 or (703 are used instead of goi. 

In expression ([2]) Hred is part of the initial Dirac Hamiltonian, which 
contains only the mass term and terms with momentum operator components 
(i.e. with coordinate derivatives). 



We use the notations of paper jT] . 



The summand AiJ in Eq. 




g^'' dH, 



00 



dxP 



^ Hl^Srr^ (4) 



One can see that AH is a sufficiently simple expression, sometimes it is 
not equal to zero for block-diagonal metrics with g^k 7^ . For example, 
metric Kerr in coordinates of the Boyer-Lindquist is concerned this case p] , 

Of course, application of equality (|2]) significantly simplifies the procedure 
of deriving self-conjugate Hamiltonians in the r^-representation. Equalities 
(II]) and ([2]) are proven in Sec. 3, 4 of this paper. A procedure for deriving 
self-conjugate Hamiltonians in the ry-representation with using of expressions 
dl]), ([2]) we will name the ffist and the second variants of modified algorithm 

In the second part of the paper we use formulas ([I]), ([2]) to find self- 
conjugate Hamiltonians Hn for the Kerr [2], [3], Eddington-Finkelstein [4], 
[5], Painleve-Gullstrand [6], [7], Finkelstein-Lemaitre [5], Kruskal [8], |9] and 
Clifford torus [lO] metrics. The self-conjugate Hamiltonians are derived for 
all these metrics for the ffist time |j. 

2. Reducing the Dirac equation to the form 
of the Schrodinger equation. An algorithm for 
getting a self- conjugate Hamiltonian in the 77- 
representation 

Let us recall the course of corresponding reasoning and introduce notations. 
Tetrad vectors are defined by the relationships 

H^^Hlg,, = r^^_, (5) 

where 

r]o^ = diag[-l, 1,1,1]. (6) 



''The physically equivalent self-conjugate Hamiltonian for Painleve-Gullstrand metric 
is derived and studied previously in paper [llj . 



In addition to the system of tetrad vectors Hj^, one can introduce three 
other systems of tetrad vectors, Hap, H^^, H^, which differ from H^^ in the 
location of the global and local (underlined) indices. The global indices are 
raised up and lowered by means of the metric tensor g^^ and inverse tensor 
g^'^, and the local indices, by means of the tensors r]a/3, 1]--. 

We assume that quantum-mechanical particle motion is described by the 
Dirac equation, which is written in the units ^ = c = 1 as 

7" (^ + $«^) - m^ = 0. (7) 

Here, m is the particle mass, ip is the four- component 'column' bispinor, and 
7" are the 4x4 Dirac matrices satisfying the relationship 

7^7^ + 7^7" = 2g"^E. (8) 

-E in ([S]) is understood to be an identity 4x4 matrix. 

The round parentheses in ([7]) contain a covariant derivative of the bispinor 

V„V = ^ + ^a^P. (9) 

Expression iQ for Vq,^ contains bispinor connectivity $a, for finding which 

one should fix some system of tetrad vectors Hf^, defined by the relations dS]). 

Upon that, the quantity $q, can be expressed through 'Christoffel' vector 

derivatives in the following way (the 'Christoffel' derivatives are denoted by 

a semicolon): 

1 

4' 

The expression for S^'^ in (llUp is defined below, see formulas 014p . The 
bispinor connectivity $„ given by (llOp provides invariance of the covariant 
derivative Vq^ with respect to the transition from one system of tetrad 
vectors to another. 

In what follows, along with Dirac matrices with global indices 7" , we 
will use Dirac matrices with local indices 7- . The relationship between 7" 
and 7- is given by the expression 

r = Hp^- (11) 

It follows from (HI]), ([8]), ([5]) that 

7^7^ + 7%^ = 2?7^^. (12) 



$, = --H'-H,,_.^aS^\ (10) 



In terms of the matrices 7-, Dirac equation (j7]) can be written as follows: 

^^^ (^ + *"^) - "^^ = 0- (13) 

It is convenient (but it is not necessary) to choose the quantities 7- so 
that they have the same form for all local frames of reference. Both 7- and 
7" can be used to construct a full system of 4 x 4 matrices. The full set is, 
for example, the set 

E, 7a, Saf} = - (7a 7/3 - 7/37a) , 75 = 7o7l7273, 757a- (14) 

Any system of Dirac matrices provides for several discrete automorphisms. 
We restrict ourselves to the automorphism 

Ja^7^ = -D^^D"\ (15) 

The matrix D will be called anti-Hermitizing. 

It follows from ([7]) that the initial Hamiltonian has the following form: 



The operator H ( 1161) has a meaning of the evolution operator of the Dirac 
particle wave function in the chosen global frame of reference. 

Paper [Ij formulates the rules of getting a Hamiltonian in the 77- representa- 
tion for a Dirac particle in an arbitrary gravitational field. A-priori informa- 
tion, which is assumed to be known, includes information about the metric 

tensor gai3 (x) , Christoffel symbols ^ 1 , local metric tensor ijap and local 

Dirac matrices {'Jq}- These rules are the following: 

1) For a gravitational field described by the metric ga/^ (x), it is necessary 
to find a system of tetrads I H^ (x) \ satisfying the Schwinger gauge. Recall 

that in this gauge the components of the tetrads Hq, Hq are connected with 
components of the tensor g""^ (x) as follows: 

Ofc 



^°=V'-r; Hl = -^=^. (17) 



H^ components are identically equal to zero, 

Hi = 0. (18) 

In order to find H^^, we introduce a tensor /™" with components 

rmn „rnn iJ y ^1n^ 

J -3 — -^^- uyj 

The tensor /™"' satisfies the condition 

r'-gnk = C- (20) 

As if^ we can use any triplet of three-dimensional vectors satisfying the 
relationship 

H^Hl = Z'"". (21) 

Here and further quantities dependent on tetrads choice are labeled with 
tilde on the top, if they were calculated in a system of tetrads in Schwinger 
gauge. 

2) In accordance with flT6l) we write a general expression for the Hamil- 
tonian H. 

Here: 

r = Hl^^, (23) 

1 ^ ^ ^ 1 ^ 

3) The expression for the Hamiltonian if^ equals 



$, = --H'-H,^_J^^- = -HlH,_,,^St^. (24) 



H^ = f,Hf,-^ + if,^, (25) 

where the operator f] is given by the relationship 

V = i-gcf {-g'^y^" ■ (26) 

In Eq. fl26l) . as distinct from the paper [I], it is used only the gravi- 
tational part of the determinant gc , because of the presence of external 



gravitational field. The other part of the determinant, which appears by us- 
ing of curvilinear coordinates (cylindrical, spherical and etc.), does not take 
part in procedure of transition in - representation (see the relation flTOj) in 
paper [Ij). 

go = f (27) 

where k^ - curvilinearity coefficient, which in general case can have a 
complicate functional structure. But in some particular cases the view of 
kc can be defined obvious. Thus at fulfillment of conditions of harmonicity 
of coordinates [12], [13] kc = I - for Cartesian coordinates, k^ = r"^ - for 
cylindrical coordinates, kc = r^ sin^ 9 - for spherical coordinates. 

Expressions (125|) . (p6|) define the operator if^, being the sought Hermitian 
Hamiltonian in the 77 representation. 

Thus, 



-J 7 TT-f h-- 



(28) 



4 (-^00) ' ' dx^ 4 at 



3. Proving the equality i/^ = | (^ + H^\ for an 
arbitrary gravitational field, including time- 
dependent one 

We start the proof from transforming the right side of relationship (l25ll . 

H, = f,Hr' + i^r'- (29) 

By putting ([22]), (^ into (^S!) we obtain: 

ff - ff ^ ( ,00^/^,0.-^1 ^1^(^°°^g) z ain(^°0(7G) 



(_^oo) V ^ y ' ' 4 ax'^ 4 at 

The next step in the proof is finding an expression for H^. For this 
purpose, we employ relationships (77) from [T]: 

H+ = pHp-^ + A, (31) 



~P={9''gGf\ (32) 

A = -^l^. (33) 

We put ([32]), §^ into §^: 

I / nnM/2 o.,iain(^oo^G) , z91n((700^G) 



H+ = H 






-^00) V ^ y ' ' 2 ax'^ 2 at 

Using fl22|) and flM|) . we calculate the quantity - (if + H^y. 
2 a In ((7° V) 

4 at 

By comparing (135|) with (!30|) we conclude that equality ([1]) is valid: 



(35) 



H, = ^{h + H^) . (36) 

4. Proving the equality i/^ = | (^red + ^r^d) + 
l\H for arbitrary gravitational fields with block- 
diagonal metrics 

The expression for the "reduced" Hamiltonian -ff^ed is derived from expression 
(!22|) by deleting the terms with bispinor connectivities. Thus, 

This expression can also be written as 

Hred = H + t%- — i-7Y^A:. (38) 

Taking the Hermitian conjugation from relationship (!38|) . we get 

HL = H^- ^7o<i>o7o + , 'i/2 ^o^kf. (39) 



It follows from (Eg]), (^ that 

{Hred + H+,) = (H + H+) - 270 [70, <^0 



+ 



i-g'") 



17270 



f,^k 



Considering ( l36l) . we obtain 



Hv=2 [^^^'^ + ^red) + 2^0 [70, $0 



+ 



2(-^ 



00 ^ 1/2^0 



7^'^fc 



Let us introduce the following notations: 



Y ^ -■„ 



7o,*o 



7o 



2(_^00)l/2'^ 



l\^k 



After some transformations, we have the following expressions for Y 



and for Z 
where 



1 ~ ~ 

-y Tjp TT q 



Z — Zi -\- Z2 -\- Z^ -\- Z4, 



-,0k 



Zi = 

Z2 

Z3-- 

Z4 = 



'^9 frk Tie 

"4(_^00)l/2 m rrv 



H^Hl„Hnp.hS, 



ne;k>J mn ^ 



4 (-^00) 
i 



: IJ^linllnf-nOn 



1/2 ^-^m^^O-^-^neip^mni 



4 (-^00 
i 



1/2 m n Qe]p^ mni 



OoU/2 ^m^p^q£\k£rnpq75- 



(40) 



(41) 



(42) 
(43) 

(44) 

(45) 

(46) 
(47) 
(48) 

(49) 

In (H^ 75 = 7o7i7273, ^mpq- is completely asymmetric tensor of the third 
order. 

Further we will use the relations ([3]), ([5]), flT7|) . flTSj) and also representation 
I if™ [ in diagonal form. The direct calculations show that 



A^ = y + Zi + ^2 = ^ 



dHno g dHnk 
dxP g^^ dxP 



J^rn'^mni \^^) 



Z^ = Z^ = 0. (51) 

Thus, for block-diagonal metrics, like ([3]), it turns out that we can find 
the Hamiltonian Hy^ using simply formula ([2]). 

5. Centrally symmetric gravitational field 

This section presents Hamiltonians in the 77-representation for Dirac particles 
in centrally symmetric gravitational fields at writing the metric in various 
coordinates. 

5.1. Schwarzschild metric 

We know that the Schwarzschild solution in the coordinates 

(x°,a;\x2,x^) = (t,r,^,(^) (52) 

is written as 

ds" = - ("l - ^) de + ^"'\ + r^ (dd'' + sin^ e dip"") . (53) 

In (|53|) . To is the gravitational radius (ro = 2M). 

The general expression for H^i , derived in paper [1] and corrected with a 
glance of fl2Bl) . is 



Hr, = ^m^-iQ i^/ll^ \ liyf] ( — + r 



- + - 
dr r 



1 f _^ 1 o\ 1 d \ idf 

-r \d6 2 I -r ■ sinO dip j 2 dr — 



(54) 



In formula (15^ . / = 1 . 

r 
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It is easy to verify the expression (1541) can be found in a comparatively 
simply way using formula ([2]), if we take into account that 

r r i r d id i<9l~ 

Hred = ^mJ f-iQ - iJ f-io \ 7i V/tt + ^2-7^ + 73 —Eir \ ,^H = 0. 

V - V _ 1^ _ V y^ -r ou -r ■ smU dip ) 

(55) 

In papers [T^, [1], the Hamiltonian iJ^ was also derived for the Schwarzschild 

metric in isotropic coordinates 



ds' 



l-^] 



4^^ dt^ + (1 - 15) (^^' + ^^y' + d^') 



1 + ^) 



(56) 



ARJ 



H„ = im^. 4^70 



^ 4Rj [' + ar) 



AR k d . ' ^ 

^3 707--^-* 



8RJ ^oRk^k 



dx^ 



r^V2R^'^- 
AR 



707-- (57) 



The expression for H^ can be easily derived from formula (|2]) using 



Hred = im- 



l-^\ (l-^\ 



ARJ 



1 + 



AR 



7o-«' 



ARJ 



1 + ^V 

ARJ 



7o7- 



d 



,AH = 0. 



(58) 



5.2. Eddington-Finkelstein metric 

The Eddington-Finkelstein solution |1], [5] in the coordinates 

(x° , x^ , x"^ , x^) = {t,r,9,(p) 
is given by 



(59) 
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(1 + -) 
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r' sin" 9 



(60) 



9 = -r^ ■ sin^ 6*, ^G = -1 



(61) 
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The inverse tensor has the following form: 



^a/3 



-(! + -) 

V r J 
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(62) 



Table 1: Tetrad vectors H?. 



Tetrad 
vectors 


Tetrad vector components 


% 


^-/(^^?) 


HI 


#1 = 


#1 = 


V(-7) 


% 


#? = 


r'r ^ 


#2=0 


#3 = 


' /(-7) 


m 


#1 = 


#2=0 


r 


#1 = 


HI 


^1 = 


Hl = 


^1 = 


HI = 

1 


r sin^ 
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Calculations of a "reduced" Hamiltonian using formula (EZ]) give 



H, 



im 



red 



1 + ^ 



=70 + 



ivQ d 



1 + 



'"o 



=70 



\ 



V^ 



d Id Id 



J 



(63) 



The Hamiltonian in the 77-representation is calculated using formula 
with glance of Ai^ = 0. We obtain: 



Hr, = i^o- 



m 



1 + 



^^0 



«7o7i 



1 + 



'^o 



X 



X 



1+-U'° 



\ 



dr r 2r2 /-, , i"o\ 



1 



-«7o72- 



1 + 



1 /a 1 

ro\ r \d6 2 

r 
( 



+i 



To 



r /^^!£ 



V 






«7o73- 



2^11 + 7)/ 



d 



r / 



(64) 



5.3. Painleve-Gullstrand metric 

In this section we find self-conjugate Hamiltonian i/^ for Dirac particle in 
spherically symmetric gravitational field described by Painleve-Gullstrand 
metric. The Hamiltonian H^^ for this metric is calculated first using the 
algorithm [1] and then using the formulas ([1]) and (|2]). 

In the {t,r,6,Lp) coordinates, the Painleve-Gullstrand metric [6], [7] has 
the following form: 



13 



g^r^ 



\ r J 


y? 
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r' 














r' sin' e 



^a(5 



-1 


^7 








^7 


V r J 














i 














i 


r2 sin^ 9 



The determinant is 

g = -r'^ sin^ 9, qg = -1. 

Tetrad vectors in the Schwinger gauge: 



(65) 



(66) 






Hq = -w— , 



H'o 



0, HI 



0, 



i^o = 0, Hl = 1, i7| = 0, fff = 

1 
r 



-"2 



0, H^, = 0, 



i^l 



iJ| 



0, 



^3° = 0, 



Hl = 0, Hi = 0, HI 



1 



r ■ sin 9 



Hop 

Hio 
Hgo 
H30 



— 1, Hqi = 0, H02 = 0, i/( 



03 



0, 



Hii = 1, -f/12 = 0, i/i3 = 0, 

0, H21 = 0, H22=r, ^23 = 0, 

0, i^3i = 0, #32 = 0, #33 = r-sin^ 



> . 



Christoffel symbols : 



(67) 



(68) 
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(69) 
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(70) 
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(71) 



2 
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sin cos ^ 
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3 

22 



3 
33 



(72) 



3 
23 



cos^ 



Bispinor connectivities are calculated using the formula (1M|) and the re- 
lations (ESI) - (d. We obtain: 



4r V r ~ 

"=1^2 — ~7:\ — '-'02 — 7:'^i2 
2\r— 2 — 

1 frn 1 

"^3 = -n\— sin ■ So3 + -sm9 ■ S31 - ^cos6 ■ S23 
2yr ~ 2 ~ ~ 



1 
'- 2 



> . 



(73) 



In order to find a Hamiltonian in the ?7-representation, one should insert 
(~fi'°°) = 1) expressions 7" = H^jti and expressions (1731) for ^^ into the 
primary Dirac Hamiltonian H 



H 



im 



;r,0 



7" + 



:l'f 



d 



As result, we have 



i^Q + 



' :fl'^k. 



.^00) 



(74) 



^ = zm7o-^7o{7i(|: + ^)+72M^ + ^ctg^) + 



1 al/r5"9 31/r5" 
~r sm u oip J y r or Ar \ r 



(75) 
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The operator fj for Painleve-Gullstrand metric is 



V={9G9''} 



(76) 



and therefore 77 - representation coincides with representation of the Hamil- 
tonian H. 

The Hamiltonian H ( 1751) is self-conjugate. The validity of Eq. ([T]) in this 
case is obvious. 

It is also easy to obtain expression fl75|) using Eq. ([2]) and taking into 
account that AH and Hred can be written as 



rr~ ■ . i d 1 d 1 

Hred = ^m7o - 270 < Utt + Ig-^ + 73 



9 1 . jr d 
- 1 '-dr ' '-r do ' '~r ■ sin 9 dip J \1 r^dr 



Thereby, for Painleve-Gullstrand metric, one the same Hamiltonian H^^ 
is derived both the standard algorithm and the most simply method with 
using Eq. ([2]). 

In paper [H], the self-conjugate Hamiltonian for Painleve-Gullstrand is 
derived with use of tetrad vectors in the Schwinger gauge with set of the 
local Dirac metrics written in spherical coordinate system. 



7o = 7o 



)-i 



7r = sin 7i cos y? + 72 sin (/? + 73 cos </? = RjiR 



70 = cos 6 7i cos v? + 72 sin 99 — 73 sin 99 = R'jgR ^ 



> . 



R 



lf_ = 7i sin 99 + 72 cos V? = R'jsR ^ 
The set {7r, 7£, 7(^[ connects with the set {71, 72.573 [ by unitary matrix 



(78) 



R = R1T1R2T2 



i?i = exp (-- )7]_72;Ti 



i?2 = exp ( --J 7173; T2 



-^7571 {e + 7i72 
^7572 {e + 7371) 



(79) 



The Hamiltonian of paper [TT] one can write as 



~ -id Id Id' 

-[ -or -r ov —rsmtloip 



\ r \dr Ar I 



The Hamiltonian ( 175|) and ( IHOl) are physically equivalent because they are 
connected by unitary transformation 



H 



D 



RH R , it ^ R 



(81) 



Generally speaking, the all Hamiltonians in the Schwinger gauge, con- 
nected among themselves by matrices of spatial rotation, are physically equiv- 
alent. Just this fact is meant by authors [T], when they spoke about unique- 
ness of the Hamiltonians in r; - representation (see, M.Arminjon remarks in 



5.4. Finkelstein-Lemaitre metric 

It is of independent interest to study the motion of a Dirac particle in the 
nonstationary Finkelstein-Lemaitre metric [5], because the time coordinate 
in this metric coincides with the proper time. 



ds' 



-dt^ + 



dr"^ 



2ro 



2/3 



+ 



(r-t) 



n4/3 



^0^' [de^ + sin^ e ■ dip'') . (82) 
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The determinants are 



2„2, 



(r — t) r^sin 6 



> . 



2 'O 



9G = -T;ir-ty^^ 



Non-zero components of tetrad vectors in the Schwinger gauge: 



H'o = 1, 



Hi 



2ro 



1/3 



m 



(r-t) 



2/3 



.1/3 



Hi 



(r-t) 



2/3 



1/3 . a 

Tq sm U 



For this metric in Eq. (j5]) if = 0. 
"Reduced" Hamiltonian: 

We substitute f l85|) into (E]) and get 

H, = ,mjo - h« phi ( |: + ; ) + ^^a ( ^ + ^ <=tg ») + 



^"t4 



I dHl 

:7o7i- 



(83) 



(84) 



^5) 



(86) 



2 - - dr 
Hamiltonian fl5^ is self-conjugate with fairly complicated time dependence. 



5.5. A Hamiltonian in the 77-representation for Dirac particles in 
the Kruskal gravitational field 

The Kruskal metric j8] is a further development of the Lemaitre-Finkelstein 
metric to build the most complete frame of reference for a point-mass field. 
The solution form given below, in which the frame of reference is synchronous, 
has been developed by I.D. Novikov [H]. 
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In (r, i?, 6*, Lp) coordinates 



ds'^ = -dr'^ + 1 + — (1 - cos x) dR'^+ 
+\rl (^ + l) (1 - cos xf {de' + sin^ ^ V) • 



(87) 



^_ 1 /^ 

ro 2 V r§ 

The determinants are 



\^/2 
+ 1 (TT-X + sinx) 



(88) 



1 + 



n 



2\3 



ro 



[1 -cosxf —rQsin^e 
lo 



i? 



2\3 



6 1 4 



g^ = -il+ \ (1-cOSx) -7 



^9) 



Expressions ( l87l) . ( l88l) show that metric ( l87l) depends on the radial coor- 
dinate R and on the proper time r by means of parameter rj. 

Non-zero components of tetrad vectors in the Schwinger gauge: 



#» = !, h; 



\ 



^ + ^:]i'^-cosx) 



HI 



ro 



R' 



+ 1 (1 -cosx) 



(90) 



HI 



'"o ^ + 1 (1 — cos x) ■ sin 9 



'Reduced" Hamihonian: 



( ~ d ~ d ~ d ^ 
Hred = im-fo - ho < Hhl-g^ + -^2 72^ + Hhs-Q- 



(91) 
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In accordance with formula (^ and with glance AH = we have 



d 1 



H^ = im-fo - i-fo { H\-^i —- + 



dR R. 



Hhl 



'd_ 1 



ctg 6* + 



(92) 



dHl 
The derivative ~ in the last summand of expression ^5% should be defined 

oR 
accounting for the dependence x (-R) ''") (see formula (188|) ). 



6. Axially symmetric gravitational field 

6.1. Kerr metric in the Boyer-Lindquist coordinates 

The Kerr solution in the Boyer-Lindquist coordinates [3] 

{xP, x^,x'^, x^] = {t, r, 9, Lp) 
is given by 



(93) 



^a£ 



TqT 



— -— sm U 



P_ 

JA. 



ar^r , 



sin^^ 



P' 



r'^ + 0^ + ^-^ ■ sin^ 9 ] ■ sin^ 9 



(94) 



g = -p^ ■sm^9,gG 



P_ 



(95) 
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The inverse tensor has the following form: 



a/3 



Here, 



2 2 , '^ '^O'' . 2 a 



"a ' 



ar^r 
'A-p2 






aror 
A-p2 



1 



A ■ sin^ ^ 



1- 



ror 



A = r^ — rgr + a^ 

p2 ^ ^2 _|_ ^2 . |^Qg2 ^ 



(96) 
(97) 



6.2. Tetrad vectors in the Schv^^inger gauge 

We will need expressions for tetrad vectors in the Schwinger gauge. The 
results of calculating the components of tetrad vectors if" are presented in 

Table |2l Table |3] shows the components of vectors H^j^a- 
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Table 2: Tetrad vectors H^ 




Tetrad 
vectors 


Tetrad vector components 


% 


^0° = 


Hl = 


Hl = 


HI 

aror 


p2A^(_^00) 


H^ 


Hf = 


Hi = 

p 


Hf = 


Hf = 


H2 


i/| = 


^2=0 




Hl = 


HI 


Hl = 


Hl = 


Hl = 


HI 

1 


sine- VAy^(-^oo) 



24 





Table 3: 


Tetrad vectors H^a 




Tetrad 
vectors 


Tetrad vector components 


Hoa 


fj ^ 


Hoi=0 


Ho2 = 


Ho3 = 


-^UU 1 


Hla 


Hw = 


Hn = 
P 

VA 


Hi2 = 


i/l3 = 


Hga 


H2o = 


H21 =0 


H22 = p 


^23 = 


Hsa 


H30 = 
ar^r ■ sin 6 


% = o 


H32 = 


i^33 = sing ■ 


p^VA^{-g^^) 
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6.3. Hamiltonian Hjj 

First, from formula fl37|) we get 
im 



-tJ rfri 



-9 



00 



-7° + 



^ ;r,Or,fe ^ 



«m 



:-9'' 



-7 7 






:-9'': 



■^0^^+ 



9 



a 



^-^i7o7- 1^17-^ + ^2 7-^ + H,^-— + i/o7-^^3 



(98) 



^- H0^^_ ^ iroiri 9 



(_^00) 

:^o^l7o72^ 



,ooy^oi^i7.7i^- 



^ "0 £V2, ^ 



lOO^ 



^ "0£y3„, „, ^ ^ H'^H^ 



:^o^37o737r - 



For concerned metric if in Eq. ([2]) is not equal to zero 



AH=- 



i fdHso , ^°=^aii33\ f,i 



+ 



Hi 5*13 + - 



Z /9^30 , ^°'a#33^ 



+ 



The Hamiltonian H^^ is calculated using formula (|2]). 



^2^523 (99) 



iif„ 



^m ^~^n I ~o~i I d 1 



(_^00) 



^0%- 



(_,oo)^W7.7^^ + - - 



r0£7-2. 



d 



:^^oi^|7,7,l^ + 2ct^ 






"2^071 



d HlHj 
dr (-^00) 



27o72 



d mi 



'0-'-'2 



9^ (-(7' 



m\ 






(100) 



■47371 il ^^ +^00 dj. 



4 '-'^ 
We put the tetrad vector components 



+ 77273/^2 (^^ + ^^^ 



^o = \/(-r), Hi 



, H2 
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Hi 



1 



ar^r sin 6 



H, 



3 ar^r 



' '- P'V^^ 



H = - 
and the metric component 



Hi = sine -VAJi-gOO 



00 1(2,2, a^or . 2n\ 03 (^^or 

9 =-^[r +« +^^^-^j^^ =-^ 



into fITOOD . Finally, 



(101) 



H„ 



im iy/A ( d 1^ 

' ,00^ \dr r , 



-9 



00 ^ 



P\/l-r 



pv'Pr) 



i /a 1 

==7074^ 2 ctg, 



smi 



i d 



-9 



00' 



v^ '- '^d^ 



i ar^r d i 



-gOo^p^Adip 2^-^- 



d VA 



dr 



P^/hT). 



'27072 



d 



39 



P\[-9 



00^ 



" 47371' 



vA / d arQTsmO ar^r d . r— 

~p' V ^pVA^-^ ^ Ap2c,oo ^ ^^"^ 



(102) 



-r) + 



i 1/9 arorsin^ aror d /— r — — 

The quantities — (7°°, A,p are determined by the expressions (llOip . ( 197|) . 

In order to turn to the Schwarzschild Hamiltonian, one should assume 
that 



a TQr , 



a = 0, A^r^-ror, p ^ r, \r^ + a^-\ ^ sin^ 6^ ^ r . (103) 
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Such a replacement allows us to derive from fll02p the Hamiltonian H^i for 
the Schwarzschild field 



H^ = tm^jo - ^7/70 Jtiv^ [d^ + r) ^ ^^r [de ^ 2 



Ct£ 

2 ^ 



1 d ] idf 
~r ■ sm U oip J 2 or 



(104) 



If we confine ourselves to summands no above the first order of smallness 
by parameters — , — r- in expression for H„ (11021) . we obtain the self-conjugate 

Hamiltonian for the Kerr weak field. 



«r = ""(i-^)7«-<i-^)7„7i(|: + i)- 



.aro d .3 aro 
r^ dip 4 - - j^3 






In Section 7 the expression (llOSp will be obtained by algorithm of paper 
[1] and also with use of Eq. ([1]). Previously the self-conjugate Hamiltonian 
for the Kerr weak field was derived in papers [16], [17] at record of a metric 
in isotropic coordinates. 

7. Weak axial symmetric gravitational field 

7.1. The Kerr metric in coordanates of the Boyer-Lindquist 

For our tasks we write the expression ( l94l) - ( 1971) with terms no above the 
first order of smallness by parameters — and — —. In this approximation 
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-,a/3 



-(l--) 

V r J 








sm^ 

r 





\ r J 














r' 





"'0 . 2/) 

sm a* 

r 








r2 ■ sin^ e 



-1^13 



V r J 








arp 
r3 





(i--) 

V r / 














i 





aro 








i 


r^.Hm^f) 



— r 



■sin2^;(7G = -l;^=(i7Gi7°°)'= 1 



rp\i 
r 



(107) 



:io8) 



(109) 



7.2. The tetrad vectors in the Schwinger gauge 

We will need expressions for tetrad vectors in the Schwinger gauge. The 
results of calculating the components of tetrad vectors H"^ are presented in 

Table 4. Table 5 shows the components of vectors i^^a. 
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Table 4: Tetrad vectors i/° 



Tetrad 
vectors 


Tetrad vector components 


% 


^»-(-i;) 


Hl = 


Hl = 


^0 ~ ^3 


H'^ 


Hl = Q 


- V 2rJ 


Hl = 


Hf = 


H^ 


Hl = 


^2=0 


- r 


Hl = 


HI 


Hl = 


Hl = 


Hi = o 


HI 

rsin^ V 2ry 
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Table 5: Tetrad vectors H, 



^la 



Tetrad 
vectors 


Tetrad vector components 


Hoa 


Hoo ^ 


-(- 


2rJ 


Hoi = 


Ho2 = 


i^03 = 


Hla 


Hio = 


= 




V 2rJ 


Hi2 = 


His = 


Hga 


HgQ = 


= 




H2i = 


H22 = r 


^23 = 


Hsa 


H30 ^ 


a/'o 


■ sin 6 


% = o 


^32 = 


#33 ^ r ■ 

sin^(l+ ° ) 
V 2rJ 
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7.3. Christoffel symbols 

Non-zero Christoffel symbols are: 




01 


13 



Iro 
2r2 



--^sm e 

2 r^ 



1 
00 

1 

03 
1 
11 

1 
13 

1 
22 

1 
33 



Iro 
2^2 



«^0 . 2/1 

— -sm 6 
2r2 

Iro 

'2r2 



--^-sm e 

2 r^ 



I 1 ^0 
-r 1 



-r sin^ 9 i 1 



ro 



;iio) 




2 
33 



^^0 ■ a a 
— smt/cost/ 



1 
r 

— sin 6 cos 6 



3 

01 

3 

02 

3 
23 



OTo 

2r4 



aro cos 9 
r^ sin^ 



cos^ 
sin^ 



7.4. Bispinor connectiviries 

The bispinor connectivities are calculated using of formula 
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$ = ^H^^H,_,.,^Si^. 



;iii) 



We obtain: 



$0 

$2 
$3 



1 ro laro 1 aro 

3aro . 
--— -smfc'- 603 



sin ^ ■ 5*31 



;ii2) 



7.5. The Hamiltonian H„ 



We obtain the expression for H taking into account 7.1 - 7.4 and using of 
formula 



H = im [I - ^) ■ -fo - i [1 - —) -7071 ^ + - 
■ M "^A^ I ^ ^ ^ ^ (^ . aro d 



-.(1-^ 



1 d . ro .3aro 

o / —E • 70737^ I ■ ToTij^ - ^7^ sm ^ ■ ^Sgi 

/r/ rsmfc' oip 4r^ 4 r'^ — 



;ii3) 



Since the Kerr solution is stationary, the general formula for Hj^ 



(114) 



in our case can be written as 



where rj is determined by relation fllOQp . 
Consequently i/^ can be written as 



;ii5) 
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(116) 



'^o . 3aro 

-*7o7i^-^737i4^sm^- 

, A ro\ 1 ^ ^Qrp a 

V 2r/ rsin^ 9^ r^ (90 

The expression (I116P coincides with the expression ( llOSp . which was de- 
rived by expansion of the general expression for i^^ f ll02p . In turn, the general 
expression (11021) is derived with use of formula ([2]) . 

By analogy, we can check validity of formula ([1]) for concerned metric 
( 1T07D with use of (ITT3|) . 

Thereby the same expression for the Kerr weak filed is derived in fact in 
three different ways. 

By the example of the Kerr metric for block- diagonal metrics, like ([3]), 
one can see essential simplification of deriving algorithm of the Dirac self- 
conjugate Hamiltonians with flat scalar product with use of formula ([2]). 



8. The Friedmann open model 

Let us concern the case of the Friedmann open model in coordinate 

The non-stationary metric for this model is: 

ds"^ = -dt^ = a^ it) (d^ + sh^ X Yq'^ + sin^ ^ V] ) (117) 

^ = -aSh^ X sin^ ^, c?G = -o^ (118) 

Non-zero components of tetrad vectors H^ in the Schwinger gauge are: 
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H'o = l, Hi 



Hi 



1 



a ■ shx 



j^3 ^ ^^ 

a ■ shx ■ sin 9 ' 



IHq = — 1, Hi = a, H2 = a- shx, iff = a ■ sh x ■ sin 9, 



fr^ 



fV3 



I i^£ = 1 , H- = a, iff = a • sh X, iJf = a ■ sh x ■ sin 6*, 



if- 



00 _ _i trll _ j;^ £7-22 _ 

a a ■ sn X 



// 
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r ■ sh X ■ sin 9 , 
Calculation if the Hamiltonian results in the following: 



(119) 



# = .m7o-.7oi{7i(^ + cthx)+72^(| + ^ctg^) + 



+73- 



d 



.3 a 



(120) 



"shx ■ sm.9 dip ] 2 a 
The Hamiltonian is determined by formula (|2]). For this metric AH = 



H = ^m^o - ^lol l^i (^ + cth x) + 72^ (| + ^ ctg 9' 



+73 



a 



;i2i) 



sh X ■ sin 9 dip 



In a quasi-stationary approximation for the cosmological time t the energy 
operator for particle, moving in x - direction, is: 



Here 



Let us mark 



E = Jm 



2^ Px 



^~\" ^ aHty 



p, = -.(^ + cthx 



;i22) 
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a{t) sh X = ao sh x = b{t)ao sh x = b{t)r, (123) 

where 6(to) = 1 ; zero indexes corresponds to present time (t < to) • 
If at the present time the radius of the Universe spatial curvature tends 
to infinity a — )■ oo , then 

r ?a aox (124) 

In this case the Hamiltonian (121) for the spatially flat Friedmann model 
equals 

... . ^ f d l\ . 1 fd 1 \ 

H, = zm7o - ^7o7l^ (a^: + " j " ^^o72^ (^^ + -^ ctg OJ - 

(125) 
1 d 

o(rjr smt^ O'-p 

The expression for H.^ in Cartesian coordinate system equals 

//. = ^m7o-^7o7i^. (126) 

9. Metric of the Clifford torus 

The metric proposed in [10] in the (t, v^i, v?2, -z) coordinates is given by 



+ 



l + P'i(^)' + P2(^)'l^-s', (127) 



^ = t/G = -p\pI (l + P? + P2^ 



In formula (]127p . the prime denotes the derivative with respect to the z 
coordinate. 
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Tetrad vectors in the Schwinger gauge: 

#? = 0, Hl = -, Hl = 0, Hl = 0; 

- Pi - 

#0 = 0, #2^ = 0, m = -, #1 = 0; 

#0 = 0, #1 = 0, #1 = 0, #1 = -. 

~ Pa 



(128) 



In expression ([1281), pg (^) = \/l + (p'l {z)f + (p^ (^))'. 

In accordance with (1371) . the "reduced" Hamiltonian Hred equals 

~ % u X u % o 

Hred = imjo 7o7i^ 7o72^ 7o73^- (129) 

- pi - -difi p2 - -dip2 p3 - -dz 

For concerned metric AH = in ([2]). 

The Hamiltonian if^ in accordance with ([2]) equals 

^V ^ 7^ [Hred + H^, 

i d' i d i dip'. (^30) 

= zm7o 7o7i^ 7o72^ 7o73^ + 7t7o73 — • 

- Pi - -dipi p2 - -dip2 P3 ~ -dz 2 - -pi 



8. Conclusions 

In this paper we develop the algorithm proposed in |]J for constructing self- 
conjugate Hamiltonians H^^ in the r^-representation with flat scalar prod- 
uct for describing the dynamics of Dirac particles in arbitrary gravitational 
fields. It is proven that a Hamiltonian in the ^^-representation for an ar- 
bitrary gravitational field, including a time- dependent one, is a Hermitian 
part of the initial Dirac Hamiltonian H derived at use of tetrad vectors 
in the Schwinger gauge. We also prove that for block-diagonal mertics, 
like dnj, the Hamiltonian Hj^ can be calculated using formula ([2]) with "re- 
duced" parts of the Hamiltonians H and H^ without or with small num- 
bers of summands with bispinor connectivities. Using this procedure, we 

37 



for the first time find self-conjugate Haniiltonians iiT^ for the Kerr metric 
in coordinates of the Boyer-Lindquist, the Eddington-Finkelstein, Painleve- 
Gullstrand, Finkelstein-Lemaitre, Kruskal metrics and metrics of the Chfford 
torus geometry. 

The derived expressions for Hamiltonians i/^ can be employed to address 
the issues of stationary energy levels for Dirac particles in the vicinity of 
black holes, and also at study of scattering and absorption of such particles 
by black holes. 
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